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of correspondence between the function and the series has been attained ; not by a specification of the properties of the function, but by means of some algorithm which, when applied to the series, yields a single function. Unquestionably the instrument by which the greatest progress has been made thus far is the integral. The first successes, however, were reached by Laguerre * and Stieltjes f through the use of continued fractions, and very possibly in the end the continued fraction will prove to be the best, as it was the earliest tool. But as yet it has been applied only in cases in which the function can be represented under the form of an integral as well as of a continued fraction, although with greater difficulty.
To explain the use of integrals let us consider the familiar divergent series treated by Laguerre,
(1)                        1 +x + 2!x2+3!^+..«.
This is, I believe, historically the first divergent series from which a functional equivalent was derived. £ Since
* See No. 20 of the bibliography at the end of lecture 6.
•[•Bibliography, No. 26a.
J Laguerre (loc. cit.) gives the function first in the form of a continued fraction and later proves its identity with the integral which gives rise to the divergent series. Borel at the opening of the second chapter of Les Series divergentes remarks that " Laguerre parait avoir le premier montre* nettement Futilite* qu'il peut y avoir & transformer une se'rie divergente ... en une fraction continue conver-gente." It seems almost to have escaped notice (see, however, p. 110 of Prings-heim's report, Encyklopadie der Math. Wissenschaften, I A 3), that Euler (Bibliography, No. 46 ) derived a continued fraction from the divergent series
1 + ma; + m(^ + n}%2 + m(m + n) (m 4~ 2n)&3 -\ — •,
of which Laguerre' s series is a special case, and clearly realizes the utility of the continued fraction. Moreover, a close parallel to the course followed by Laguerre is found in the work of Laplace who derives from the expression
a divergent series and from this in turn a continued fraction, the convergents of which were stated by him and proved by Jacobi to be alternately greater and less than the expression. Had Jacobi proved also the convergence of the continued fraction, the work of Laguerre would have had an exact parallel for real values of x. Cf. No. 47 of the bibliography. that it presupposes a knowledge of the function sought, for example, that lim f(x) — a0, when x = 0. As a matter of fact the properties are often unknown. See in this connection p. 89 of these lectures.                                    &                         /
